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POLARIZATION GRADIENT IN ELASTIC DIELECTRICS

R. D. MINDLIN

Department of Civil Engineering, Columbia University, New York, N.Y.

Abstract-By inclusion of the polarization gradient in the stored energy function of elastic dielectrics, the
classical theory of piezoelectricity is extended to accommodate an electro-mechanical interaction in centro­
symmetric (including isotropic) materials and a surface energy of deformation and polarization.

1. TOUPIN'S VARIATIONAL PRINCIPLE

As a preliminary to an extension of the classical theory of electro-mechanical interaction
in elastic, dielectric continua, a review is given, in this section, of a linear version of
Toupin's [1] variational principle for the equilibrium equations of classical piezoelectricity.

In a body occupying a volume V bounded by a surface S, separating V from an outer
vacuum V', it is assumed that

- 0 J. H d V + f. ChOU; +E?oP;) d V + f t;OUi dS = 0,
~ v s

(1.1)

where H is the electric enthalpy density, V* = V + V', U; is the displacement, Pi is the
polarization and/;, E? and t; are the external body force, electric field and surface traction,
respectively. Toupin separates tbe electric enthalpy density into an energy density of
deformation and polarization, say WL

, and a remainder:

where Sij is the strain,

S.. = uU . ·+U· .)f-] 2\ ).t I.) ,

<P is the potential of the Maxwell self-field,

E~s = _qJ.;,

(1.2)

(1.3)

(1.4)

(1.6)

(1.5)

and eo is the permittivity of a vacuum.
For independent variations of U;, P; and qJ,

oH = T;J-bSij-EioPi-eO<p.io<P.;+<P.iOPi+P;OqJ,;,

where T;j is the stress and Ei is the effective local electric force:

awL awL
y,. = -- = y.. E; == ---

'J - as;j J" ap; .

By the chain rule of differentiation,

oH = - 1';j.;ou; - (E; - <p)oP;-( -eOqJ.ii+ P;)oqJ + (1'; jOUj).; +[( -EoqJ,i +P;)OqJ],;. (1.7)

637



638 R. D. MINDLIN

Inserting (1.7) in (1.1) and applying the divergence theorem, we have

i [( T. '+J:.)bu.+(E.-ffl+E~)bP'+(-foffl.. +p. .)bffl ] dV1),1 J J 1 't' .1 1 1 't' .1I 1.1...."
v·

+ Is [(tj-ni'I;)buj+ni(fo(cp ,;!-P;)bcp] dS = 0;

whence follow the Euler equations

Tij.i +./j = 0,

Ei-cp.i+E? = 0,

-foCP,ii+Pi,i = 0, in V;

({J .ii = 0, in V';
and the boundary conditions

ni( - Co (cp ,;I + P;) = 0.

where (cp.;! is the jump in CP.i across S.
The energy density of deformation and polarization is taken to be

W L = taijPiPj+tCijklSijSkl +,!;jkSijPk
so that, from (1.6),

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)
- Ej = ajkPk +'/kljSkl'

'I;j = '/;jkPk +CijklSkl'

Equations (1.3), (1.9) and (1.12), with boundary conditions (1.10), constitute the classical
theory of piezoelectricity in the form given by Toupin.

2. POLARIZAnON GRADIENT

The extension of the classical theory, to be considered, is obtained simply by adding a
functional dependence of W L on the polarization gradient. This addition may be justified
on several grounds. First of all, the order of the differential equations is thereby not raised,
so that we are not adding effects of higher order than those already included. Alternatively,
suppose we were to start by assuming dependence of W L on the displacement and
polarization and their gradients and truncate after the first gradients. The requirement of
invariance of W L

, in a rigid translation and rotation of the deformed and polarized body,
eliminates dependence on the displacement and rotation only; leaving the strain, polariza­
tion and polarization gradient. Finally, fr-om the point of view of lattice theories of crystals
[2,3], based on the "shell model" [4] of the atom, the polarization gradient represents the
long wave approximation to the shell-shell and core-shell interactions between atoms
which logically should accompany the core-<:ore interaction between atoms, despite their
possibly small magnitude.

In addition to taking the polarization gradient into account, we shall also include the
kinetic energy and employ Hamilton's principle, so that (1.1) is replaced by

bfll dt r (tpuiui-H)dV + fll dt[ r (!;bUi+E?bP;)bV + f. t~UidSJ = 0, (2.1)
to Jv• to _J v s
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where

As usual [5],

Df'l dt ( !PUiUj d V = - f" dt r PUjDUj d V.
'0 Jv '0 Jv

Then, by the same procedure as that employed in the preceding section,

Tij,j +Jj = pUj '

E+E.· .-m+EC? = °j 'j,' 't' ,j j ,

-eOcp,ii+Pi,/ = 0, in V,
CP,ii = 0, in V';

and, on S,

n/( -eolcp,;) +Pi) = 0,

njEij = 0,

where
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(2.2)

(2.3)

(2.4)

(2.5)

(2.7)

(3.1)

For W L
, we take

Then, from (2.5),

-Ej = ajkPk+gjkIPI.k+.!kljSkl,

Eij = gkjjPk+bijkIPI,k+djjkISkl+b3,

T;j = hjkPk + dklijP1,k +Cjjk/Skl'

Equations (1.3), (2.3) and (2,7), with boundary conditions (2.4), form the equations of the
extended theory, The significance of the linear term bEPj,i' in W L

, is considered in Section 4.

3. CENTROSYMMETRIC MATERIALS

One of the properties of the extended theory is its accommodation of an electro­
mechanical interaction, through the coefficient djjk/, even for materials with centro­
symmetry. For example, for centrosymmetric cubic symmetry [6],

hjk = 0, gijk = 0, bZ = bO[)/j, a/j = a[)ij,

bijkl = M jjk/ +b12Dijbkl +b44([)jk[)jl+ [)/lbjk)+b77(DikDj/- [)/l[)jk),

Cijkl = C[)ijk/+C12[)ij[)k/+C44(DjkDjl + [)/l[)jk),

dijk/ = dD jjkl +d12 c5 ijc5k/ +d44(DikDj/ + [)/lDjk),
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where
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(3.2)

(3.3)

bij is the Kronecker delta and bijk1 is unity if all indices are alike and zero otherwise. Then,
from (2.5), (2.6) and (3.1),

-Ei = aPi'

Eij = bbijklP"k + b12bijPk,k + b44(Pj,i + Pi,j) + b77(Pj.i- Pi)

+ dbijklSkl +d12bijSkk+2d44Sij+ bobij ,

~j = dbijklPI.k + d I 2bijPk,k + d44(Pj.i+ Pi)

+ CbijklSkl + C12bijSkk + 2C44Sij'

Upon substituting (3.3) in (2.3) and employing (1.3), we find the "displacement" equations
of motion:

1cb;jkl(U,.ki+Uk.l;) +C 12bijUk.ki

+C44(Uj,ii+ Ui.ji) + dbijkIP"ki+ d12bijPk,ki+ d44(P j,ii+ Pi,ji)+ Jj = PUj
~db"kl(UI k'+ Uk 1·)+d12b"uk k' +d44(U . .. +U· ..)- aP·- m . (3.4)~ f} • 1 • I I). 1 ),n 1,)1 J 't'.)

+bb ..kIR, k·+b12b.Pk k'+ b44(P . .. + p. ..)+ b77(P. .. - p...)+EO = 0I] • I IJ. 1 ),11 l,}l J.1l 1.)1 J '

- BOqJ.ii +Pi •i = O.

For isotropic materials, it is only necessary to set

b = C = d = O.

Then (3.4) become, in vector notation,

C44V2U+(C12 +C44)VV· U+d44V2p+(d12 +d44)VV· P+f = pii,

d44V2U+(d 12 +d44)VV· U+(b44 +bdV2P+(b 12 +b44 -b77 )VV· P-aP- VqJ+Eo = 0,

-BoV2qJ+V,P = O.
(3.5)

It is apparent that, in both cases, the displacement and polarization fields are coupled
through the constants dijkl .

4. SURFACE ENERGY OF DEFORMATION AND POLARIZATION

It will be observed that the energy density W L
, in (2,6), contains a linear term, b~Pj.i'

in the polarization gradient. The removal of the resulting niEij from a boundary results in
a polarization and strain localized at the surface. The accompanying surface energy can be
found as follows.

The energy density W L
, given by (2.6), can be written in the alternative form

W L = ~bt;J.p .. +*T.s..-~E.P.+-21E..P..
., IJ ).1 ~ l] IJ ~ J 1 I} J.t (4.1)

through the use of (2.7). Then, in the case of equilibrium, application of the chain rule, the
divergence theorem, the boundary conditions and the equations of equilibrium results in
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the following expression for the total energy:

f If. 0 If 0 If.J
v
•WdV = 2" s nibijPj dS+2"Jv (};ui+ Ei Pi)dV+ 2 s tiui dS .

Hence, in the absence of external forces, we have

fWd V = -2
1

f. nib~Pj dS.
Jv• s
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(4.2)

(4.3)

Accordingly, the surface energy of deformation and polarization per unit area (the surface
tension) is

T = -Hnib~PjJs. (4.4)

This energy is to be added to the bond energy, per unit area, to obtain the total energy
per unit area required to separate the material into two parts along a surface S [7].

As an example, consider the case of a free (100) surface of a semi-infinite, centro­
symmetric, cubic crystal. In this case, the resulting fields are one-dimensional and the
equations of equilibrium, (3.4), for the half space x I :>: 0, reduce to

CllUI,11 +dll Pl, I I = 0,

dllul.1 1+bllPl,II-aP1-({>.1 = 0,

-f;o({>.11 +Pl,l = 0,

while the boundary conditions, on XI = 0, become

CllUl,1 +dllPl,1 = 0,

dllul,l +b lI PI.1 = -bo,

-f;o({>,1 +P1 = 0.

Consider the functions

(4.5)

(4.6)

(4.7)

Upon substituting (4.7) into the equilibrium equations (4.5), we find

A3 = -lAzlso = [cllAdsod ll (4.8)

(4.9)

Positive definiteness of W L requires the radicand in (4.9) to be positive.
With (4.8), the first and third of the boundary conditions (4.6}'are satisfied identically

and the second yields

Whence, from (4.8),

(4.10)

bo---.
af;o+ 1

(4.11 )
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Thus, there are a strain and a polarization, at the surface, which decay exponentially
into the interior with decay constant t. The surface energy of deformation and polarization
per unit area (the surface tension) is, from (4.4) and (4.11),

b5
T = 2t(a+co I)" (4.12)
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A6cTpaKT-Y'IUTbIBlUI BKJlIO'IeHUe rpa,lJ,UeHTa nOJllIpU3aQuil: B 4>YHKQHIO coxpaHeHHlI ,mepruu ynpyrnx
,lJ,u)JleKTpUKOB paclllupaeTcli KJlaCCU'IecKali TeopHli nbe303J1eKTpH'IecTBa nyTeM y'leTa 3J1eKTpO-MexaHH­
'1eCKoi!: peaKQHH B ocecHMMeTpH'IecKlix jBKJlIO'Iali H30TponHbIe! MaTepHanax H nosepxHOCTHoi!: :meprHH
,ll,e4>oPMall,HH H nOJllIpH3aQHH.


